This paper presents reflections on proposals to merge Mathematics and Geography when teaching undergraduates from inter-and trans-disciplinary spatial models using mathematical modeling to enable spatial analysis and visualization through GIS-Geographic Information Systems. It brings forward an approach to Geography with new technologies integrating it with Statistics and Computer Science among other subjects. Thus, it describes some practical cases that are examples of geographical problems solved mathematically. The results show that GIS can be an educational tool for teaching both Geography and Mathematics.
Introduction
There is an effective intersection of Mathematics with its quantitative methods and Geography, as evidenced in [1] , in the need for spatial analysis, represented in [2] .
Thus, Geography appears to have intersections with areas such as education (demonstrated by [3] and [4] ); statistics and computer science, presented by [5] ; economics exposed in [6] ; physics as in the work of [7] ; sociology according to [8] ; and among other disciplines as is possible to perceive in [9] , especially, using methods such as the measure between points with quantitative resources facilitated by the use of Statistics and Mathematics, which is possible to find in [10] . These methods are been disseminated in society, but also in technology and science explored by [11] [12] in their work.
Its scientific essence is added to the mathematizing with the modeling processes in a qualitative form as [13] reflects and quantitative (observed in [2] [14] ) approaches.
The usage of geoprocessing in Geography has been recurring in environmental anal- ysis and demonstrated recently, through the work of [15] and [16] . These works have shown how geographic databases can be managed and accessed by many users (state power, researchers and other institutions) and, through the treatment of spatial information, it generates knowledge that contributes to a more rational decision making process. Figure 1 illustrates the intersection of Geography and Mathematics as analytical geography enabled by GIS-Geographic Information Systems, as stated by [17] .
Thus, in essentially geographic areas where almost everything needs measuring, in order to get optimal results organizations build up strategies and processes associated to the geographical space. In spatial visualization, the measure is a mathematical approach essential to digital resources; [18] treats this measure sense as spatial abilities for mathematics education. This paper presents practical examples of "geographical" problems that have solved mathematically.
Geotechnology is available in very wide proportions. So that, as stated by [19] , the U.S. Department of Labor has designated Geo-technology as one of the three "megatechnologies" of the 21st century as the result of the general wave of computer pervasiveness in modern society [19] . This concept expects that information must be just a click away and spatial information is no exclusive, emphatically [20] briefly exposed a "geotechnological" probable future.
The geographic visualization is a discipline emerging from cartographic principles in visualization and the development of maps, exploring spatial visualization ( [21] shows more). This scientific visualization method has the potential to provide new ways into the complexity of phenomena as decision-making, and education, as a knowledge construction and decision support process, which is discussed in [22] .
The so called geovisual analytics is an interdisciplinary field that integrates information and geovisualization used to support geospatial intelligence, being possible to use as the crisis management example [23] worked on generating insights about spatialtemporal and uncertain information (see [24] ). Geographic Information Systems (GIS) are programs, which connect math, science and social science concepts with a large number of resources for teachers to provide an integrate activities with math and science. [25] presented as an argument a stand for teacher education founding in the mathematics and science integration. The WebGIS allows visual interaction by geoscientists combining the easy access to data to a visual presentation and the ambit of WebGIS applications are deeper discussed in [26] . It describes the collection and maintenance of geospatial information creating an interactive and dynamic environment, guiding and assisting the users in solving geospatial analysis problems, and it is possible to perceive it through [27] .
Methodology
The main goal of this work is to demonstrate the feasibility of teaching mathematics and geography from practical and visual examples demonstrated in interactive software such as Google Maps and Google Earth. Thus, gathering examples that could be easily understood by the students. In order to clarify the activities developed in this research, Figure 2 illustrates the steps done.
On step 4 the examples created in this research shall give an impression of how using GIS (Geographic Information Systems) could change the conventions of teaching math.
This new form of presentation of expert information has spawned new trends. This paper brings forward some related work to compare on how other researches discuss this problem and which is the importance of this subject.
New Technologies in Geography
Nowadays the organizations have sought results through strategic planning facilitated by understanding the visualization of events and points of interest and its geographic location, thus enabling processes such as paths planning and logistics for example.
Competitive intelligence and innovation using geotechnologies are bringing good Step by step work flow.
Step 1: Research and identify new technologies integrating Geography and Mathematics
Step 2: Study association between mathematical modeling and spatial analysis
Step 3: Select some case studies that demonstrate the need of mathematical modeling to solve geographic problems
Step 4: Present the results analysis and conclusions of research results and when the decision maker understands its insertion in the geographic space, identifying customers and society's needs it enables better decisions. The geographical territory has variables that can be decisive in the municipal government for example.
Where to build a new health center? Where to invest? Which streets are in need to fix?
Where are the opportunities for a better service to the citizen? These are questions asked daily by entrepreneurs and public administrators.
Thus, geographic technology appears as a tool to analysis and applications to be used in management and planning, allowing a better distribution of resources and targeting efforts. The visualization of the results can be implemented in the form of thematic maps on the Internet, using software components that implement various clustering methods for example. In order to face the technological advances increasingly, society will tend to use the new technologies and include up digitally. The Internet has provided the quickest access to information in the last decade, producing pages, blogs, social networks and thousands of web applications. There is no doubt that this new form of presentation of spatial information represents new trends. The so called geographical information science is a "meta" science:
it is not about the geographical world, it is about information about the geographical world.
Geography and Mathematical Modeling
Mathematical modeling is strongly associated with spatial analysis and visualization specially enhanced with the use of computer resources. In Geography, most innovations related to information technology had its beginnings in the middle of the last century, because at that time there were developed relevant studies based on Mathematics and Statistics models [28] . The execution of those models was possible through the availability of data from satellites. Currently, the resolution of any real problem through spatial analysis needs to use an abstract model that leads us to a mathematical model addressing problem solving. That approach, ultimately, applies to the solution of the real problem, manipulating data with spatial visualization techniques and methods.
Mathematical and statistical concepts and methods approaching geographical related problems in the study of geography are frequently used [29] . Mathematical models enable the representation of the formal perspective on space and time. Euclidean space for example is an abstraction of people's experience with the spatial properties of a place. It deals with points, lines, areas, and volumes, which have intuitive interpretations in the spatial representation. As stated by [18] , "Euclidean space is also an instance of a metric space, that is, a space in which the notion of distance between two points and its properties are axiomatically defined and quantifiable" [18] .
According to [19] , mathematics comes from the needs to count and measure to understand and explain the nature, technical, social, economic and geographic phenomena. Thus, the mathematical knowledge formalized and deductive, within the conceptual framework of science, can facilitate solutions to study problems extracted from con- Observe, describe, analyze and measure essentially constitute scientific actions, which in its synthesis is a mathematization of reality. Artifacts are tools for more efficient physical intervention process in nature and the environment. Initially mental development was reversed in practice by forming and adjustment from the work activity and the accumulation of experience, which was called empiricism. Now the science and procedural optimization take place before the operating concreteness, thanks to mathematical and computational modeling, says [30] .
The next topic presents some case studies implemented through geographic visuali- Figure 3 . From a Geographical problem to the Geographical solution from [29] .
zation techniques which allow the visual representation from the retrieval of information in large databases. The complete description of each example is available at the website developed by the authors.
Some Case Studies
Geographic tools nowadays transform society by the increasing use of new technologies like GPS (Global Positioning System) and GIS (Geographic Information Systems) available through the Web and accessed via smart-phones. Today these technologies are available to ordinary people, who can view their home surroundings, the location of events and points of interest, or even route planning. Concerning education, many times students do not understand the necessity of mathematical activities unless they are able to see practical use of those activities. For example, if there were a specific chapter dealing with the properties of polynomial functions it would be more understandable for most students to associate this with the course of a street and actually see that street using a tool like Google Maps.
This work is based on a research about solving mathematics problems using a geographic approach from mathematics models implemented through the Google Maps API (Application Programming Interface), leading to interactive solutions to daily problems that can be solved by web applications or mobile apps. The result was the selection of some applications such as the examples below.
Using Angles to Implement Sectors Which Contain Points of Interest
This example demonstrates practical use of angles to generate sectors and select points within target antennas sight. In this case study it was developed a web map demonstrating the use of angles and distance to target antennas sights interactively. The students can see and understand in a visual and interactive way how distance and sector angle impacts on the area covered by the antenna sight, thus selecting different points of interest. Figure 4 shows the resulting prototype.
Telecommunications Network Planning
To approach the same problem of network planning and management at PRODEMGE-a data processing and telecommunication company of Minas Gerais, in Brazil, it was necessary to verify altimetry information of several addresses to avoid radio signal jamming. In order to help in this project it was projected and implemented a prototype to simulate antennas sight and plan the best places to install new antenna towers. In order to demonstrate the use of this prototype, which was developed from a terrain digital model available from Google Maps web services it can be accessed from [32] .
Other Studies
Using a distance matrix and route generating web service from a set of points located within a city or state to identify a better place to allocate a distribution center is another example. The case study resulting prototype is available at the address http://www.3geolink.com/prodemge/rotas7.html. Figure 4 . Practical use of angles and distance to plan target radio antennas sight [31] .
Identifying points within polygons to solve problems such as finding patients within an influence area of a hospital, thus enabling NHS-Network Health Services to be geographic located illustrates other practical approach The resulting prototype is available at http://www.3geolink.com/hospitalinfluence/.
Other example used to outline distance matrix usage was demonstrated by a web application used to calculate the distance and to generate routes and shortest path between two addresses. The practical solution derived from this method is available at http://www.3geolink.com/estradareal/. Each example demonstrates how to visualize and solve real problems. These solutions are web applications developed from web services which are available through the Google Maps API.
Discussion
All these examples allow the student to see and understand the need and power of mathematical modelling to enable geographic visualizations and spatial analysis. Although every case is implicitly obtained from mathematical models and implemented as computational solutions. Basic concepts and functions like distance calculating and the use of angles demonstrated in a practical and easy to use way that inspire the student to learn about the formulas used and understand the need of mathematics to solve real problems. Once the teacher shows the student the distance formula and demonstrates a practical and useful way of measuring distances such as in [31] , the student will in learning how it was done will be evident.
This research includes other exercises based on related work such as lessons teaching students how to use longitude and latitude to locate various cities, regions, landforms and resources. Initially students identify the boundaries of the school district. Then, they are stimulated to navigate through all the streets of their neighborhood through Google Maps. Finally, they perform exercises using Google My Maps service [33] • WHAT ARE THE GEOGRAPHICAL COORDINATES OF POINTS OF REFE-RENCE OF YOUR NEIGHBORHOOD? Through this workshop is held automated image georeferencing and the students check the results in real time using geovisualiztion components, mobile computing and positioning and navigation systems. The spatial characterization also demonstrated the importance of graphical representations in dealing with the dynamics of the city, reinforcing the role of geovisualization in the representation and communication. In many ways, the use of images offers a more vivid representation of mathematics and other sciences. Another important aspect of such activities is to model and design animation prototypes using dynamic Google Maps services available through APIs-application programming interfaces-such as the Google Maps API. The study of 3D animations dealing with geographic aspects and implemented from mathematical models could an interesting point for further investigations.
Conclusion
The results of this study demonstrate that geographic technologies can be used as educational methods for teaching mathematics. However, it is not enough to just use applications for "smart-phones" and spatial visualization techniques isolated. The integration of these tools and techniques with a methodology that enables an active and constant participation of the students, which can make them able to realize the applicability of mathematics in solving real problems related to geographical space, is required by any school that is committed with education. The spatial characterization of mathematical problems also demonstrates the importance of graphical representations in teaching not only mathematics and geography but also any other science, reinforcing the role of visualization in information representation and communication. From the results achieved, arising naturally needs and plans for further development in order to update the methodology.
